Recently, physical properties of single crystals of quasi-one-dimensional sulfide KCu 7Ϫx S 4 have been studied. These measurements show several anomalies, in which the ''transition'' temperatures and physical properties depend strongly on x. It was suggested that these transitions are most likely due to vacancy ordering involving Cu ϩ -ion diffusion along the Cu͑2͒-Cu͑2͒ zigzag chains. In this paper we propose a long-range mean-field method to study vacancy ordering in a one-dimensional chain with 1/r Coulomb interactions. Our results indicate that phase transitions exist in a one-dimensional lattice gas system in which vacancy ordering is involved. The system has complex thermodynamic properties which are extremely sensitive to the occupancy. Each simple rational occupancy has a unique phase diagram.
I. INTRODUCTION
Studies of one-dimensional ͑1D͒ systems are very rich. [1] [2] [3] A large number of measurements of thermodynamic changes at phase transitions in quasi-one-dimensional materials have been made and compared with various theories. Theoretically, it is well known that 1D systems with short-range interactions do not exhibit phase transitions at finite temperature. Moreover, systems with infinite long-range interactions which fall off faster than r Ϫ(dϩ2) (d is the dimension of the system͒ also do not exhibit any phase transitions. [4] [5] [6] A class of models with interactions that fall off as the inverse square of the distance, called Calogero-Sutherland models ͑CSM͒, were proposed by Moser, 7 Calogero, 8 and Sutherland.
9,10
Sutherland investigated exactly a system of either fermions or bosons. Exact but complex wave functions and correlation functions were obtained from a lattice version of CSM introduced by Haldance 11 and Shastry. 12 Inozemtsev proposed a hyperbolic exchange model, which is the second generalization of the inverse-square exchange model. 13 However, to the best of our knowledge, there have been no studies of latticegas systems with interactions whose potential energy falls off as the inverse of the distance between the particles or spins until now.
Experimentally, there is a large and growing class of lowdimensional coinage metal ͑M͒ chalcogenides ͑Q͒ made of the pseudo-one-dimensional M 4 Q 4 columns. Previous studies on these materials have showed that phase transitions with drastic changes in the transport and thermodynamic properties occur at low temperatures, and several exhibit hysteresis over a wide temperature range. 14, 15 In particular, measurements on KCu 7Ϫx S 4 show several sharp anomalies associated with phase transitions at temperatures that depend on x. 16, 17 It was originally suggested that the phase transitions of KCu 7Ϫx S 4 were due to charge-density-wave ordering, 18 but later work showed that they are most likely due to vacancy ordering involving Cu ϩ -ion diffusion along the zigzag Cu͑2͒-Cu͑2͒ chains between Cu 4 Q 4 columns. This is because the stoichiometric KCu 7 S 4 phase cannot be a metal according to the oxidation state (K ϩ )(Cu ϩ ) 7 (S 2Ϫ ) 4 , which suggests that KCu 7 S 4 has no partially filled bands, and the crystal structure of KCu 7Ϫx S 4 contains vacancies that could order. 19, 17 This ordering would involve a diffusion process, in agreement with the experimental transport and thermodynamic measurements. Moreover, superlattice spots observed in TEM measurements are also consistent with an order-disorder transition. 20 However, the vacancy ordering scenario is not obvious. Other compounds, such as K 3 Cu 8 S 6 ͑Refs. 21 and 22͒ and KCu 3 S 2 ͑Refs. 23-25͒, whose structures contain Cu 4 S 4 columns but have no structural vacancies, also exhibit low-temperature phase transitions.
To resolve a possible vacancy ordering model in a onedimensional chain, we initiated a numerical study on this subject. Although in general there is a similarity between spins and occupation numbers, here we have a fixed number of vacancies, independent of any driving force. We consider a system in which N i ions are evenly distributed over N s lattice sites with Coulomb 1/r repulsive interactions ͑so that the occupancy n av of the system is N i /N s ). Although the Coulomb interaction would be shielded in the conducting crystals, any interaction that had a 1/r dependence would give the same results. For simplicity, we ignore the zigzag nature in the real structure of KCu 7Ϫx S 4 . As a result, the 1D chain partially occupied with Cu ϩ ions is illustrated as a straight line lattice gas with open boundary conditions. The corresponding Hamiltonian can be written as
where J is the Coulomb potential energy between two nearest-neighbor particles, and n i (n i ϭ0 or 1) is the particle number of site i. 6 given the Cu-Cu van der Waals distance of approximately 3 Å, and thus numerically calculable with modern high speed computers.
In this paper we propose a long-range mean-field ͑LRMF͒ method to study the thermodynamic properties of 1D latticegas systems with occupancies n av ϭ1/2, 2/3, 3/4, and 4/5. We are still investigating systems with n av irrational. Our results indicate that the 1D lattice-gas system has complex thermodynamic properties which are very sensitive to n av , consistent with experimental findings. 17 We found that in all stable states for these n av at low enough temperature, the average particle number is periodically distributed in i, so that every state has an unique regularity. In Sec. II we introduce the LRMF method. In Sec. III we show the results of the 1D lattice gas model on various n av . The summary and discussions are presented in Sec. IV.
II. LONG-RANGE MEAN-FIELD METHOD
We propose a LRMF method to study the 1D lattice gas with 1/r Coulomb interactions. The strategy of this method is to divide the 1D chain of N s lattice sites into many segments, each of which contains N o ions distributed over N w sites ͑so that the occupancy n av ϭN o /N w ϭN i /N s , as ions are uniformly distributed͒. If we ignore the boundary effects near the two open ends, we can assume that the particle density in the 1D system is macroscopically identical everywhere. Thus we can consider the interactions exactly between ions within the segment at the center of the 1D lattice gas, and replace the interactions of all other ions by a local mean field. The local field is the thermodynamic average of the interaction acting on the considered segment by all particles outside this segment. With this approximation, we reduce the 1D lattice gas system to a simpler LRMF system, in which we consider a segment that contains N o particles distributed over N w sites with Coulomb interactions in its local field. In principle the larger N w , the better the LRMF method will be. However, we found that there are only small differences between the results of 1D chains with the same n av but different N w . Hence, for simplicity we only consider small N w cases, and we believe that the results predicted by LRMF method are at least qualitatively correct at this stage of the theoretical development.
We denote the average particle number of the ith site in the considered segment to be ͗n i ͘ and the mean local field acting on the ith site to be h i , where iϭ1 to N w . By assuming all segments in the chain are identical, the average particle number of the ith site in every segment is also ͗n i ͘.
Further, if we consider the center segment and let there be N a segments on both the right and left sides, so that N s /N w ϭ(2N a ϩ1), the local mean field acting on the ith particle is
The value of h i in terms of J can be numerically calculated for a very large N s . The LRMF Hamiltonian is then described by
where ͚ (i, j) sums over all pairs of particles in the considered segment, and n i (n i ϭ0 or 1, and iϭ1 to N w ) is the particle number of the ith site. The free energy of Eq. ͑3͒ is
where k is the Boltzmann constant. The thermodynamic average particle number at the site i is defined by
As N s , N w , N o , and the temperature T are given, we can numerically calculate the self-consistent solutions of ͕͗n i ͖͘ in each segment with Eq. ͑5͒. Here ͕͗n i ͖͘ has N w elements and summing over ͗n i ͘ equals to N o .
Since the x-ray diffraction patterns are determined by the average particle number distributions, intuitively each element in ͕͗n i ͖͘ is a member of a reasonable set of order parameters. For convenience, we further define a useful order index q by
where the values of q range from 0 to 1. When qϭ0, all the ͗n i ͘ are equal to n av , which corresponds to the state at very high temperature. When qϭ1, the system is completely ordered, ͗n i ͘ϭ0 or 1, corresponding to the state at absolute zero. The internal energy of the considered segment is defined by
͑7͒
where the presence of 1 2 in front of ͚ iϭ1 Nw n i h i is to avoid double counting on Coulomb interactions between the particles in the considered segment and all other particles in the system. In fact, the local field h i is rather flat everywhere within the chain, except for segments near the two ends. For an estimation, the difference between the local field on a particle located in the segment at the center and one-fourth away from one end is about 1%, and 4% for one-tenth away with N s ϭ600 000. Therefore, except for the portions near the two ends in the 1D lattice-gas system, most of the segments exhibit almost the same thermodynamic properties as the center segment, i.e., although we only consider the center segment, the results can be roughly presented as the properties of the whole 1D lattice-gas system.
III. RESULTS
In all of our calculations, we set the total sites N s in the 1D system to be 600 000 and the sites in the considered segment N w to be on the order of 20. It is worth mentioning that the difference is less then 0.01% between results of N s ϭ120 000 and 600 000. Our calculations show that the thermodynamic properties of the 1D lattice-gas system with vacancy ordering are very sensitive to the occupancy n av . This result corresponds well to the experimental findings on quasi-one-dimensional KCu 7Ϫx S 4 in which the physical properties depend strongly on x. We found that ͕͗n i ͖͘ quickly converge to a single self-consistent solution at high temperatures, but only a few sets of solutions for ͕͗n i ͖͘ are possible at low temperatures for a particular n av . Each of the self-consistent solutions of ͕͗n i ͖͘ at low temperatures corresponds to a possible metastable state in the system. When a set of ͕͗n i ͖͘ with a lower free energy appears at some temperature, a phase transition will occur. Another interesting feature is that the distributions of the average particle numbers ͕͗n i ͖͘ are periodic, i.e., if n av can be written as the simplest fractional form n av ϭq/p then the N w elements in ͕͗n i ͖͘ repeat themselves every p sites. Therefore, it is convenient to represent a state by only one period, that is ͕͗n i ͖͘ where iϭ0 to p for a particular n av ϭq/p. In the following, we will present the results for n av ϭ solution at absolute zero corresponds to the completely ordered state. Apparently, a second-order ͑continuous͒, orderdisorder transition occurs at about Tϭ0.14 J/k in this system as the system changes from the ordered state to the disordered state at this temperature. The lower free-energy state at low temperatures has average particle numbers repeating themselves every two sites, i.e., the period of ͕͗n i ͖͘ is 2, the denominator of n av ϭ1/2 as we mentioned above. It can be easily seen in Fig. 1 that the general features of the free energies of various N w are very similar, except for small quantitative shifts. Figure 2 shows the results for the internal energies of the possible stable states with N w ϭ12 and 16, and again there are similar features for different N w . The inset of Fig. 2 shows the specific heats C V ͑derivatives of internal energy with respect to T) for N w ϭ12 and 16, respectively. Notice that as N w increases, the transition temperature shifts toward lower temperature, and that the jump in C V at the transition has less of the jump that would be associated with a true second-order transition and more nearly the peak that would be associated with a continuous transition. The order indexes with N w ϭ12 are shown in Fig.  3 , and give a typical order parameter curve for a mean-field second-order phase transition. Figure 4 shows the free energies of all the stable states we found with N w ϭ12, 15, or 18. There are two phase transitions in this system with a second-order ͑continuous͒ phase transition at about Tϭ0.1 J/k and a first-order transition with a discontinuous dF/dT at about Tϭ0.04 J/k. Figure 5 shows the internal energies of all possible stable states with N w ϭ12. The lower panel inset in Fig. 5 shows an enlargement at low temperatures, where two possible metastable states exist near Tϭ0. The lower internal energy state corresponds to the solution ͕͗n i ͖͘ϭ͕1,1,0͖, while the metastable higher internal energy state, corresponding to ͕1,0.5,0.5͖, exists only at very low temperatures. The upper panel inset in Fig.  5 shows the specific heats for N w ϭ12. The existence of phase transitions of first and second order is obvious. Figure  6 shows the order indexes of all possible stable states with N w ϭ12. Each stable state corresponds to a different value of q at a particular temperature. There are two values of q near Tϭ0; qϭ1 corresponds to ͕͗n i ͖͘ϭ͕1,1,0͖, and qϭ0.25 corresponds to ͕1,0.5,0.5͖. The value of q changes continuously at the second-order transition but changes discontinuously at the first-order transition. It is worth mentioning that, unlike the qϭ0 above T C in the n av ϭ1/2 case, the q values in this system are always finite even at high temperatures because the average particle numbers of the hightemperature state are never evenly distributed. It seems reasonable that the average particle number distributions should approach uniformity as T approaches infinity. However, from our calculations, we found that the average particle distribution does not become uniform except for n av ϭ1/2. The inset of Fig. 6 shows the details near the first-order phase transition, the lowest free-energy state being represented by the squares. In the region near kT/JϷ0.39, the repetition patterns from the top to bottom curves are Figure 7 shows the free energies of all possible stable states with N w ϭ12(N o ϭ9). Five phase transitions exist in this system, with two second-order transitions at higher temperature and three first-order transitions at lower temperature. The inset of Fig. 7 shows the fine structure of the two lowest temperature first-order phase transitions. The internal energies of all possible stable states are shown in Fig. 8 ; the inset shows the specific heats where each peak corresponds to a phase transition. The order indexes of all possible states are shown in Fig. 9 . There are two possible solutions between 0.032ՇkT/JՇ0.065, as shown clearly in Fig. 7 ͑two second-order phase transitions occurs at these two tempera- FIG. 6 . The order indexes with n av ϭ2/3 and N w ϭ12. A significant difference from the case of n av ϭ1/2 is that the q values in this system is never zero. This means that the average particle number distribution will never be exactly uniform for any finite T.
FIG. 7.
The free energies per site with n av ϭ0.75 and N w ϭ12. Five phase transitions with two second-order transitions at higher temperature and three first-order transitions at lower temperature exist in this system. The inset shows the fine structure of the two lowest temperature phase transitions. tures͒. However, the order indexes for these two states are indistinguishable within this temperature region. The inset of Fig. 9 shows the fine structure of the two lowest temperature phase transitions where the lowest free energy state is in diamond symbols. In the region near kT/JϷ0.016, the rep- Figure 10 shows the free energies of all possible stable states with N w ϭ10(N o ϭ8). There are five phase transitions in this system. In this case, the three higher temperature phase transitions are second order and the two lower temperature ones are first order. The inset of Fig. 10 shows the details of the first-order phase transition at about T ϭ0.0124 J/k. Figure 11 shows the internal energies of all possible stable states with N w ϭ10; the specific heats of this system are shown in the inset. The order indexes of all possible stable states are shown in Fig. 12 . Near Tϭ0, q ϭ0.375 corresponds to the state ͕1,1,1,0.5,0.5͖ and qϭ1 corresponds to the state ͕1,1,1,1,0͖.
In all of our calculations, we found that the ͕͗n i ͖͘ and q change continuously at second-order phase transitions but discontinuously at first-order phase transitions. 
IV. SUMMARY AND DISCUSSION
We propose a LRMF method to study 1D lattice-gas models with 1/r Coulomb interactions. Our calculations show that the system has complex thermodynamic properties and that the properties of the phase transitions are extremely sensitive to the occupancy n av . This result qualitatively agrees with experimental findings in the quasi-one-dimensional KCu 7Ϫx S 4 system, in which the physical properties depend strongly on x. We found that the ensemble of average particle numbers ͕͗n i ͖͘ quickly converge to a single selfconsistent solution at high temperatures, but several possible solutions for ͕͗n i ͖͘ are available at low temperatures for any n av . This in turn supports the possible scenario of vacancy ordering in the Cu ion zigzag chain in the KCu 7Ϫx S 4 system. Moreover, many possible states with similar free energies at low temperatures could be responsible for the observed thermal hysteresis of the anomalies in the ac heat capacity and resistivity in these materials. However, we cannot address the frequency dependence of the ac heat capacity until diffusion time is included in our model. Besides, the zigzag nature of the real KCu 7Ϫx S 4 structure and interchain interactions also need to be considered to more precisely describe the properties of the KCu 7Ϫx S 4 system. The temperature-dependent ͕͗n i ͖͘ shows that the system is in dynamic equilibrium except at Tϭ0. That means the particles keep jumping and moving in the 1D lattice at any finite temperatures. It is well known that thermal fluctuations are important near the critical temperatures especially in 1D systems and the effect of fluctuations on these vacancy ordering transitions in a 1D lattice-gas system is of physical interest. However, the fluctuations were not considered in the LRMF method we introduced in this paper. A full Monte Carlo simulation with fluctuations in the title system is underway for comparison.
Other interesting features of our calculations are as follows: ͑1͒ the critical temperatures for the second-order transitions are always higher than the first-order ones for a particular n av ; ͑2͒ the average particle number distribution is not uniform at our highest temperature except for n av ϭ1/2; ͑3͒ the average particle numbers ͗n i ͘ within a segment are distributed periodically, with the period of the distribution depending crucially on n av (ϭq/p) ͑this is exactly what has been seen in TEM ͓20͔ and temperature-dependent x-ray superlattice patterns ͓26͔ on the KCu 7Ϫx S 4 system͒; ͑4͒ the thermodynamic properties are more complex for larger values of p. We found that for the same N w , the states with more chaotic ͗n i ͘ distribution always have lower free energy. Even though the values of ͕͗n i ͖͘ change as the temperature varies, the regularity of each state still holds.
The LRMF method we proposed is a simple but useful method. With further modifications, the LRMF method can be widely used to study various lattice systems with longrange interactions, even two-or three-dimensional lattice systems. For examples, the ferromagnetic and antiferromagnetic quantum systems with long-range interactions are suitable for our next study.
